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Introduction. The investigation of the contact problems for 
cylindrical bodies is urgent due to the engineering contact 
strength analysis on shafts, cores and pipe-lines. In the present 
paper, a new contact problem of elastostatics on the interaction 
between a rigid band and an infinite two-layered cylinder, 
which consists of an internal continuous cylinder and an outer 
hollow one, with a frictionless contact between the cylinders, 
is studied. The outer cylindrical band of finite length is press 
fitted. By using a Fourier integral transformation, the problem 
is reduced to an integral equation with respect to the unknown 
contact pressure. 

Materials and Methods. Different combinations of linearly 
elastic materials of the composite cylinder are considered. 
Asymptotics of the symbol function of the integral equation 
kernel at zero and infinity is analyzed. This plays an important 
role for the application of the analytical solution methods. A 
key dimensionless geometric parameter is introduced, and a 
singular asymptotic technique is employed to solve the inte- 
gral equation. 

Research Results. On the basis of the symbol function proper- 
ties, a special easily factorable approximation being applicable 
in a wide variation range of the problem parameters is sug- 
gested. The Monte-Carlo method is used to determine the 
approximation parameters. The asymptotic formulas are de- 
rived both for the contact pressure, and for its integral charac- 
teristic. Calculations are made for different materials and for 
various relative thickness of the cylindrical layer including 
thin-walled layers. 


Discussion and Conclusions. The asymptotic solutions are 
effective for relatively wide bands when the contact zone 
length is bigger than the diameter of the composite cylinder. It 
is significant that the method is applicable also for those cases 
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Beedenue. AkTyalIbHOCTb MCCJI€¢OBaHHA KOHTAKTHBIX 3a]la4u 
WIA WMIMHIpHyeckux Tel obycNoBlIeHa HeOOXOAHMOCTBIO 
IIpOBeeHHA WHXKCHCPHBIX PacueTOB Ha KOHTAKTHY!O IIpou- 
HOCTb BaJIOB, CTepxHei u TpyOonpoBozoB. B HacTosulel pa- 
OoTe w3y4aeTCA HOBad KOHTAKTHad 3afjaya CTaTH4eCKOH Teo- 
PHM ympyrocTu o B3avMMOjelCTBUM %KecTKOTO OaHaxKa Cc Oec- 
KOHCYHBIM JIBYXCJIOHHBIM IMJIMHIPOM, COCTOALIHM H3 BHYT- 
PeHHero CIUIOWHOLO HW BHELMHerO MOOT WHIMHAPOB, MeXxKIy 
KOTOPBIMH BBITIOJIHAIOTCA yCIOBHA aqKOrO KOHTAKTA. 
HapyxHblit WuIHMHApHyeckHit OaHyax%K MocaxkeH Cc HaTATOM U 
wMeeT KoHeuHy!0 WWiMHYy. Tipu nomMouiM uHTerpasibHoro pe- 
oOpa3oBanua Dypbe 3aqaya CBOWMTCA K HHTerpayibHOMy 
YPaBHeCHHIO OTHOCHTCJIbHO HeH3BeCTHOrO KOHTAKTHOFO ]jaB- 
JIeHHA. 

Mamepuaavi u memoooi. PaccmatpuBarotca pa3Hbie KOMOHHa- 
WH JIMHeMHO-ypyrux MaTepHasioB COCTaBHOTO WWIMH pa. 
Uccnenyetca acuMmToTuka (yHKUHH-cMMBOsIa Apa HHTe- 
TpasIbHOrO ypaBHeHHA B Hye M OeCKOHeYHOCTH, urparoulad 
B@KHYIO POJIb VIA HCHOML30BAHHA AHAIHTHYeCCKUX MeTOJOB 
pemenua. Jia petieHua HHTerpasIbHOrO ypaBHeHHA BBOJMTCA 
OCHOBHOM Oe3pa3MepHbIi reoMeTpHuecKHH MapaMeTp Hu TIpH- 
MeHACTCA CHHTYJIAPHbIM ACHMNTOTHYCCKHM MeTO. 
Pesyasmamei ucciedoeanun. B cooTBeTCTBHH CO CBOHCTBaMH 
(PYHKUHH-CMUMBONIa TpesyoweHa cieWMabHat JIerKo (akTOo- 
pu3yemMas allmpokcuMalua 3TOM PyHKUMH, IpHroquad B WIH- 
pOKoM JManla30He H3MeHeHHA Hapamerpos 3ayqauH. IIpu no- 
mMoujH Metowa Moute-Kapmo paccuutaHbl lapamMeTpbl 9TO 
anmpoxcumayun. Tomryaenbl acuMnToTuueckHe (OpMysIbI Kak 
WI KOHTAKTHBIX JaBIeHHH, TaK HM [It HX MHTerpasibHOH xa- 
paktepuctuku. Pacuerbl cyemaHbi JJId pa3sHbIX MaTepHayioB U 
OTHOCHTCJIBHBIX TOJIMHH WMWJIMHpH4ecKoro COA, B TOM 4HC- 
Jie JJL1 TOHKOCTCHHBIX CJIOCB. 

O6cyarcdenue u 3akmo4uenua. WomyaeHuble acHMnTOTHYecKHe 
pelwenua 9pdekTHBHBI [Jit OTHOCHTeILHO WIMpoKHXx OaHya- 
%eli, Kora pa3sMep OONacTH KOHTaKTa TIpeBbilaeT THamMerp 
cocTaBHOoro WwWInHpa. BaxkHo, 4YTO HCHOUb3yeMbIl MeTOT 
ocTaeTca IIpHMeHHMBIM M JIA cilyyaeB, Kora BHeEWHHM WH- 
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when the outer cylindrical layer is treated as a cylindrical 
shell. The asymptotic solutions can be recommended to engi- 
neers for the contact strength analysis of the elastic barrels 
with a flexible coating of another material. 
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Introduction. A dynamic contact problem for a prestressed elastic liquid-filled cylinder is studied in the paper 
[1]. Static contact problems for homogeneous elastic cylindrical bodies were considered in the papers [2-6] using regu- 
lar and singular asymptotic methods. It was found [4] that for cylindrical bodies, kernel symbols of integral equations of 
the contact problems are characterized by a more complex asymptotic behavior at zero and infinity than, for example, in 
contact problems for resilient strip. This required applying complicated approximations of the symbols easily factored 
by functions when using the singular asymptotic method. The approximation for hollow thin-walled cylinders is particu- 
larly complicated [6]. The suggested approximation [6] is advantageous even for the cases when a thin-walled elastic 
cylinder can be considered as a cylindrical shell [7]. The contact problem on the interaction of an elastic ring and a flex- 
ible cylinder was studied [8]. The elastic cylinder wear was analyzed in the paper [9]. This work objective is to obtain a 
solution to the contact problem for a composite two-layer elastic cylinder on the basis of a singular asymptotic technique 
and an effective approximation of the kernel symbol of the integral equation. 

Materials and Methods. In the cylindrical coordinates r, z (with axisymmetry), we consider an infinite elastic 
composite cylinder of outer radius R which consists of an inner solid cylinder of radius R/ <R with elastic parameters 
v,, G, (Poisson's ratio and shear modulus) and an outer cylindrical layer with elastic parameters v, G. Between the layer 
and the inner cylinder, the sliding binding conditions are met. We consider the contact problem on the interaction of the 
described composite cylinder and a rigid band in the domain |z|<a. For the given band preload 4, it is required to esti- 
mate contact pressures o. =—g(z) (|z|< a). Using the integral Fourier transform to solve the properly mixed (contact) 


boundary-value problem for Lame’s elastic equilibrium equations and introducing non-dimensional notations (the 
primes are further omitted) 








R 5 Zz q(6)d—-v) G, R 
A=-, F=-, C=-, WC)= , €=—, k= <1, 1 
. G o (C) G G 2 (1) 
we obtain the following integral equation for g(C): 
1 «oO 
J er( 53 Jae - m5 (<1), k()=|L(u)costut)du, (2) 
-1 0 
where the kernel symbol takes the form 
d d 
re eer (3) 


d= (A; Ags ~ As, As MA, As, am A, Ayy (Aj; Aug ~ A,, Ay) a 
—A,,4,, (Ay Aj, 7 A,,Ay) +r AAs, (Ay Ay; A,;Ay) + 

+A, As) (Ay Ay, = A,,A,)) ~ AAs, (A, Aj; = Ay, Ay, ) + 
+Ass Ase (434g, i Ay, Ag; A, Ag, mi A, Ag ) + 


+(A,) Ay, a Ay Ay (An Aes a AA.) + (AA, iz Ay Ay Ayer = A, Ag) + 
+(4,, Ay, = A,, Ay, M(Ai34o0 ~ A,,A;) + (Ay Ags iz A, Ay, MWA Aga ~ A,Ag) + 
+(A,, Ay G Ay, Ay, MWA Ags ~ AA, I, 

d, = (A; Ay ~ A, Ay, As, (As.Ags = A,; Age) mS A, Ass Ag) ] a 


—A,; As, [A, (Ay Ag, 7 A,,A,;) = Ay (AA, ~ AAs, )1. 
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d, = -(AAy, — 4,4 Ay; Ag) (Ag 65 — A55-Ase ) - 435 Ase | + 
+Ay5 Ase [Ay (Ay3-Ag4 — Aaa o3) — Aa (A364 — A)4-o3 ) I> 
A, =ul,-2(1-V)I,, Ay =-uK,-201-v)K,, 4, =ul,, A,=-uK,, 
A, =G—2v)ul, —(u2 + 4(1-v)h,, Ay =-B—2vuK, — 2 +4(1-v)K,, 
A,, =u(,—-ul,), A,, =—u(K, +uK,), 
A, =2(0l-v)I", Ay =201-v)Kt, 4,,=—40-v, I", 
A, =ukI{ -201-v)I", Ag =—ukKi -20-v)K*, Ay =ul?, Ay, =—uK*, 
Aog =ukEs -2(01-v, IP, Ag <ul’ 
A, =B—2w)ul* —Wk +40 WEYL, 
Ag =—3—2v)uKs —(W?k + 4(L—vyk) KY, 
Ag =uk Tf -w Ij, Ay =—uk'K; —u°K;, 
Ag = [3 —2v, ul? —<WkK+40—V EOI], Ag =—eu(I*h —ull), 
I,=1,@), K,=K,@, [, =1,uk), K;,=K,(uk), n=0, 1. 


Here, /,(u), K,(u) are modified Bessel functions. The dimensionless parameter 4 characterizes a relative width 
of the contact region. 
Function Z(u) at zero and infinity behaves as follows: 
(v-l(l+e-v, +ev,)+k’e, 
Av—-D[(v+ Dd +e-v, +ev,)+h'e,]’ 





lim L(w) = L(0)= &, =(v+ lv, —D-eWv—-Diy, +. (4) 


D 
Hj 4 26) (u—+0), D=1-2v. 
uu 


At k=0, value L(0) is the same as the known value for the homogeneous solid cylinder [4]. 

To solve the equation (2), we apply the singular asymptotic method [3,4] effective for sufficiently small values 
of 2. To apply the Wiener-Hopf technique [10], we used an easily factorable approximation of the function L (u) (3) by 
the expression 








L(u)= 


2 2 2: 2792 AB D 
Vu? +B of D Ss a s( } 6) 


UL 
— ; e 
u>+C V2 +10°) w+G L(0) 10° 


At calculations, two cases were taken: 1) iron inside, zinc outside (e=2.126, v=0.27, v\=0.28); 2) aluminum 





inside, zinc outside (g=0.779, v=0.27, v;=0.34). Table 1 gives the approximation parameters values (5), its relative error 





on the real axis 8 (%) calculated using the Monte Carlo method for different relative thicknesses of the outer layer k. 
Table 1 


Approximation parameters 





A B G 0 A B G 0 
k Iron inside zinc Aluminum inside zinc 
0.01 1.230 1.549 4.638 2.5 0.451 6.113 3.394 
0.03 1.291 1.563 4.042 2.5 0.888 5.977 3.029 
0.05 1.296 1.851 5.006 2.399 1.467 2.524 
0.07 1.258 2.057 6.376 0.720 7.945 2.512 
0.09 1.024 4.360 92.381 1.481 9.890 9.369 
0.099 3.540 24.178 5.347 1.178 5.535 235.946 10 
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Considering, as follows from (4), 
l-v, 


260) 


(6) 


then, in the case of small ¢, the approximation (5) for thin outer layers is to be complicated by increase in 
number of the parameters included into it. 
Research Results. As a result of applying the Wiener-Hopf technique, the principal term of the asymptotic solution to 


the integral equation (2) for small 4 can be constructed in the form of 





elf ie | 
q(G) | of 4 eof 7 i (|x|sD, (7) 
_ W(s) +13) oP es. 2 
cs) = TO” I(s) =-— J W(s—1)K,(10°2)dt, 
W(s) = OR eet +(4-1oca6,s) 


F-C 
VB-F 


Here, erf(x) is error function integral. 





O(F,s) = exp(—Fs)erf(,/(B — F)s)+ F erf (VBs ). 


For the integral characteristic of the solution 





1 
P= [a@ac (8) 
=i 
on the basis of the formulas (7), we obtain the expression 
Cee [z(2}+.(2)| =. ee [20 -9K,(10?2)dr, (9) 
5 'L(0) r Xr AL(0) Tt 








210)= (+ ate) erf(/Bs HS exp( ayl(4 1]T(4G,s), 


r1F.9)= (5 rare =) et) | ex(-80)] 
C )exp(—Fs) ——- 
[1 =) qs es aes 


Calculations show that the asymptotics (7), (9) error for A<1 does not exceed (5+0) %, where 0 is the ap- 
proximation (5) error. 








Table 2 shows the values of the integral characteristic PS” calculated from the formulas (9) at different values 


of k and 2. 
Table 2 


Values of PS" 


























A= 2 1 0.5 0.25 2 1 0.5 0.25 

k Iron inside zinc Aluminum inside zinc 
O.1[,]) 3.25 5.77 10.9 21.1 3.22 5.71 10.8 20.9 
0.03 3.37 6.02 11.4 22.2 3.20 5.65 10.7 20.7 
0.05 3.67 6.65 12.7 24.8 3.09 5.51 10.5 20.4 
0.07 4.22 7.78 15.0 29.4 2.96 5.33 10.2 19.9 
0.09 5.60 10.3 19.6 38.2 2.93 5.28 9.99 19.4 
0.099 6.91 12.3 23.2 44.9 2.99 5.31 9.94 19.2 
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Discussion and Conclusions. As Table 2 shows, with decrease in A, the integral characteristic of the contact 
pressures increases, which is associated with the extension of the contact area. For the case of a stronger material inside 
zinc (iron), contact pressures are higher than for aluminum inside zinc. 


With thinning the zinc layer around the iron (with increasing 4), the contact pressures increase essentially. This is 
hardly in evidence during thinning the layer of zinc around aluminum, since the modulus of longitudinal elasticity (and 
also shear modulus) of aluminum is slightly less than that of zinc. The asymptotics found can be recommended to 
engineers for analyzing the contact strength characteristics of the coated cylindrical parts. 
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